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Let G be a finite group and x an irreducible complex character of G. 
Denote by spk) the sum of the distinct Galois conjugates of x. Then by a 
theorem of Artin there is a least positive integer nh) such that nk) . sph) is 
a difference of permutation characters of G. In [I], we proved that if G is 
solvable, then the odd part of n(x) divides the character degree x( 1). We also 
announced the following. 
THEOREM. For every q, a positive power of 2, there is a solvable group G 
and x E Irr(G) such that x(1) is odd, yet nk) is divisible by q. 
It is interesting to note that the Schur index rn(‘~) will turn out to be 1 in 
our examples. 
For each q, we will construct such a group as the semi-direct product of 
an extra-special p-group for an odd prime p, and a 2-quasi-elementary group. 
The inspiration for these examples comes from an observation of certain 
values of characters of semi-linear groups which occur in Section 4 of [ 11. 
We proceed directly to prove the theorem. Fix q, a positive power of 2. 
Let p be a prime congruent o 1 mod 4. Observe for any non-negative integer 
e, that pe + 1 is even, but it is not divisible by 4. We will use this fact 
repeatedly. 
1. THE 2-QUASI-ELEMENTARY GROUP L 
We will produce a group L with a symplectic module. This module will 
eventually be a factor group of an extra-special group. 
Let E = GF(pq) and let F 2 E be the field of order p. Put (5) = Gal(E/F) 
so that 7 has order q. Put r = q/2 and let CJ = tr. Let N be the norm map 
from E to F. 
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Step 1. There are a, /3 E EX such that 
(a) N(a) = -1. 
(b) pa(a”) = 0”. 
(c) p” = -p. 
It is well known that iV maps onto F. Thus we can choose a E EX to 
satisfy (a). 
Now by (a) N(a(a”)) = N(a) N(a) = N(a)2 = 1. By Hilbert’s theorem 90, 
there is a /I E EX such that (b) holds. 
For (c), repeated applications of (b) yield: 
pv = paaoaraor . . . a”‘-‘a”“-‘< 
Note that 1, t, r* ,..., Y-l, u, ut, u? ,..., or’-’ are all distinct and run through 
Gal(E/F). Thus /I” =/I . N(a) = -/I as needed. ! 
Now we can define a bilinear form on E. Let tr be the trace map from E 
to F. 
Step 2. The map [,I: E X E -+ F defined by [u, v] = tr(z.@(v)“) is an alter- 
nating, non-degenerate, F-bilinear form. 
Let K be the field fixed by cr. Then if tr K is the trace from K to F and if 
u E E, then tr(u) = tr K(u + uU). Compute 
[u, u] = tr(@(u)“) = tr K(uj3.P + (z&P)~)) 
= tr K(u@” + d’~“u), since o* = 1. 
By step l(c), this is tr K(z&” - u”/?u) = 0. 
This shows that [, ] is alternating. The form [, ] is clearly F-bilinear. It is 
non-degenerate since tr is non-trivial. I 
The group T(E/F) = EX XI Gal(E/F) has a natural action on E. Let M be 
the group of elements of T(E/F) which leave [, ] invariant. 
Let R s EX be the unique subgroup of order equal to the odd part of 
pr + 1. Because 4 does not divide pr + 1, we have that ]R 1 > 1. For x E R, 
observe that x” = x-‘. Thus for all u, u E E, we find that [UX, VX] = 
tr(uxp(vx)“) = tr(uxpv”(x-‘)) = tr(z@“) = [u, v]. Thus R s M. 
Consider ra as an element of T(E/F) and for U, v E E, we have that 
[u’a, u’a] = tr(uTaj?(v7a)“). By step l(b), this is tr(uTj?*~TO) = tr(z&Y)* = 
tr(z@“) = [u, u]. Thus sa E M. 
Put L = (R, za). Put Q = (ra) and C = C,(R). Observe that R (1 L. 
Step 3. Q has order 2q. In particular, L is 2-quasi-elementary. Also 
]C]=2 and RC=LnE”. 
Compute that since (r) = Gal(E/F), we have (ra)” = rq . N(a) = - 1, by 
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step l(a). Since q is a power of 2, this shows that the order of Q is 2q. Since 
R is cyclic of odd order and RQ = L, we see that L is 2-quasi-elementary. 
Assume that (~a)” centralized R, then since a E RX, r” centralizes R. Now 
D = tr inverts R and since R > 1, d cannot centralize R. Since the order of r 
is a power of 2, it follows that q divides n. We showed above that 
(~a)” = -1. Thus ] C] = 2. 
Since L n EX s C,(R), it is now clear that RC = L n EX. This concludes 
step 3. I 
Let f be an isomorphism from the additive group F’ to the multiplicative 
group of complex pth roots of 1. For u, u E E, define ((u, v)) = [u, 01~. Then 
Hypothesis 5.1 of [ 1 ] holds for the group L with module E and form ((, )). 
Thus there is a canonical character Y for L, E, ((,)). Observe that Y does 
not depend on the choice off, as is apparent from Algorithm 5.3 of [I]. 
We will need the values of Y on RC. 
Step4. IfxERC has odd order andxf 1, then Y(x)=- 1. IfxERC 
has even order then Y(x) = 1. Finally, Y(1) =p*. 
Since RC c E”, the action of RC on E is Frobenius. Also ] RCI = 2 1 R 1 
divides p” + 1. By Proposition 5.7 of [ 1 ] we conclude if x E RC with O(X) 
odd and not 1, then Y(x) = - 1. 
Assume that n = o(x) is even. By Proposition 5.7 of [I] we have that 
Y(x) = -1(-l) (n+l)(p”l)‘n. Now since n is even, (p’ + 1)/n is odd. Thus 
Y(x) = 1, as needed. 
Since [El =p*‘, Y(l)=p’. m 
Because C = C,(R) and QR = L, we find that RC = C,(R). Now R and C 
centralize each other and have relatively prime oders. Thus RC is cyclic. Let 
p be a faithful, irreducible character of RC. Then IL(p) = C,(RC) = RC. 
Thus pL E Irr(L). Put 0 = ,uL. Observe that f9( 1) = q. In the group G, which 
we will eventually construct, step 5 will be used to force the permutation 
index of a certain irreducible character to be large. 
Step 5. [O, Y] is odd. 
By Frobenius reciprocity [0, Y] = [p, YJ. Now we use step 4: If 
1 #xE R, then Y(x)= -1. Let C= (y). Then for all xE R, we have that 
Y(xy) = 1. Also p(y) = -1, since ,u is linear and faithful. 
)RCl[,u, yk,]=p(l) y(l) + y P(x) ul(x) + x dxy) ‘txy) 
I#xER XER 
=P’ + (-1) I+TcR P(X) + c P(X)&) 
XER 
= P’ - ,+Te, P(X) - c P(X)* 
XER 
Now since p is faithful, CxeR p(x) = 0. 
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Thus ]RC([p, ykc] =p’+ 1. 
Now IRC(=2IRI. S ince 4 does not divide pr + 1, we see that 
IA ykcl = I4 ‘ul is odd. This proves step 5. 1 
2. THE GROUP G 
We construct an extra-special p-group M on which L acts so that if 
Z = Z(M), then the action of L on M/Z is operator isomophic to the action 
of L on E. This technique of construction is fairly well known. 
Let A4 be the Cartesian product of E and F. Define a multiplication on A4 
in the following way. For U, v E E and x, y E F let (u, x) * (0,~) = 
(u + u, x + y + [u, u]). The following facts are proved by routine 
computations left to the reader. 
Step 6. (a) The multiplication * is associative. 
(b) M is an extra-special p-group of order pqt ’ and exponent p. 
(c) For (u, x) and (v,~) in A4 the commutator [(u, x), (v, y)] is equal 
to (0, 2[% u]). 
(d) Put Z = ((0, x)1x E F}. Then Z = Z(M). I 
Now we define an action of L on M. For a E L and (u, x) E A4 define 
(u, x)” = (na, x), where u0 denotes the action of L on E. Because L is F- 
linear in its action on E and because L leaves the form [, ] invariant, this 
defines an action of L on M by automorphisms. Evidently the action of L on 
M/Z is operator isomorphic to the action of L on E. 
Let G = M >a L identified as LM. Put .I = LZ. We have the following 
diagram: 
jG\ A4 
\ /J\ 
Z 
\ /L 
1 
Let A be a faithful, irreducible character of Z. Since J = Z X L, A X 8 is a 
character of J. Our next step asserts that the permutation index of ;1 x B is 
large. 
Step 7. n(l x 0) = q. 
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We can write n@ x 19) . sp(J x 0) = CHGJ aH( 1,) for integers a”. Taking 
inner products of both sides with 1 x 0 yields: 
n(I x 0) = 2 a,[A X -9, (lH)J] 
by Frobenius reciprocity. 
We will show for H c J, that q divides [(A X O),, lH]. Observe that since 
the cyclic groups Z and RC commute and have co-prime orders, the group 
ZRC is cyclic. Put K = ZRC, then K contains a cyclic normal 2-complement 
in J. If HE J is not a 2-group, then H n K f 1. But (L x O), consists of 
faithful, irreducible constituents. Thus if H fl K # 1, then [(A X O),, lH] = 0. 
Assume that H is a 2-group. Every 2Sylow subgroup of J is cyclic and 
contains C, as a consequence of step 3. If H # 1, then H f7 C # 1, hence 
H n K # 1. As in the last paragraph, this leads to [(A X S),,, lH] = 0. If 
H= 1, then [(L x S),, lH] = (L x 8)(l) = q. Thus in all cases, q divides 
[(A x &,, lHj. Hence q divides n(L x 0). 
Because J is supersolvable, Corollary 2.5 of [ 1 ] forces that n(;i X 0) 
divides (1 x 8)( 1). Since (A x 8)( 1) = q, n(l x 0) divides q. This completes 
step 7. I 
The character Y of L extends to a character of G with M in its kernel. 
Call the extension !K Since Z c Z(G), we find that 1 is invariant in G. Now 
M is an extra-special p-group and thus there is a unique element v, of 
Irr(M]l), and o is fully ramified with respect o 1. 
For (u, x) and (v,~) in M define 
following Theorem 10.1 of [ 11. 
The map from F to G” taking z to A(-2z) is an isomorphism. By the 
remark proceeding step 3 we see that Y is the canonical character for G/M, 
WZ (( 3 >>* 
Since ] G :M( and jM:Z / are relatively prime, Theorem 10.2 of [ 1 ] applies. 
Because J= Z XL, A x 1, is a character of J. Put v = 3, X 1, and then 
v E Irr(J] A). Then there is a x E Irr(G](p) such that xJ = YJ . v. Furthermore, 
spk),= !PJ. sp(v) by conclusion (3) of 10.2 of [ 11. Observe that x(l)=p’, 
which is odd. We can now finish the proof. 
Step 8. nk) is divisible by q. 
It suffices to show that if n . SP~)~ E: P(J), then q divides n. Assume 
n . SP~)~ E P(J). Since J is supersolvable, Theoem 2.4 of [ 1 ] forces that 
n(L x t9) divides [n a spklJ, ;1 x 01. Since q = n(A x 6’), we see that q divides 
481/93/2-14 
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n[sp&),, ,4 X 01. We will show that [sP~)~, A x 01 is odd. It will follow that 
q divides n, as needed. 
Now sP(x)J = YJ . sp(v). Since M E ker( Y), we can write 
Y.l= (lz) x (YL). 
Put r = Gal(Q(A)/Q). F or IT E r, write vu = (A x 1J = (Au) x 1,. 
We can now compute the following: 
= t: [(lz X YL)(@“) X lL), A X 01 
=z: [(ii”>X YL,AX8] 
=c [AU,A] * [YL,8]. 
Now [Au, A] = 0 except when u = 1. Thus [sp(&, A x 01 = [ YL ,8], which 
is odd, by step 5. 
This completes the proof of the theorem. 
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